Abstract. In this paper, we introduce and study the concepts of W C f k -spaces with respect to spaces which are generalized concepts of C f k -spaces for maps, and introduce the dual concepts of W C f kspaces with respect to spaces and obtain some dual results.
Introduction
Throughout this paper, a space means a space of the homotopy type of a locally finite connected CW complex. All maps shall mean continuous functions. It is known that any space X is filtered by the projective spaces of ΩX by a result of Milnor [8] and Stasheff [10] ;
For each k, let e X k : P k (ΩX) → P ∞ (ΩX) X be the natural inclusion. Let f : A → X be a map. A space X is called [5] a C f k -space if the inclusion e X k : P k (ΩX) → X is f -cyclic. It is known [5] that a space X is a C f k -space for a map f : A → X if and only if G f (Z, X) = [Z, X] for any space Z with cat Z ≤ k. For any spaces Z, X, we define mapcat (Z, X) ≤ k if for any map g : Z → X, cat g ≤ k. It is known that if cat Z ≤ k, then mapcat (Z, X) ≤ k, but the converse does not hold(see Example 2.6) .
In this paper, we introduce the concepts of W C f k -spaces with respect to spaces which are generalizations of C f k -spaces for maps [5] and study some properties of W C f k -spaces with respect to spaces. We show that for a space Z with mapcat (Z, X) ≤ k, a space X is a W C The LS category of X [3] , denoted cat X, is the least integer k such that X is the union of k + 1 open sets U i , each contractible in X. We now recall the following Ganea's theorems [3] . 
The following propositions say that a relationship between category of a space and mapcategory of a mapping space.
Proposition 2.4. cat Z ≤ k if and only if for any space
k by the naturality of the construction of P k (ΩZ) as is shown in the following homotopy commutative diagram;
On the other hand, suppose that for any space X, the mapcategory mapcat (Z, X) ≤ k. Taking X = Z and g = 1 Z , then we know that cat Z ≤ k.
On the other hand, suppose that for any space Z, the mapcategory mapcat (Z, X) ≤ k. Taking Z = X and g = 1 X , then we know that cat X ≤ k.
In general, if cat Z ≤ k, then mapcat (Z, X) ≤ k for a space X, but the converse does not hold by the following example.
Example 2.6. It is well known fact that cat CP n = n. Thus if we take X = CP k and Z = CP k+1 , then we know, from Proposition 2.5,
In the case, f = 1 X : X → X, g : B → X is called cyclic [15] . We denote the set of all homotopy classes of f -cyclic maps from B to X by G f (B, X) ⊂ [B, X] which is called the Gottlieb set for a map f : A → X. If f = 1 X : X → X, then we recover the Gottlieb set G(B, X) = G 1 X (B, X) defined by Varadarajan [11] . In general, It is shown [14] 
Proof. Suppose that g : B → X is f -cyclic. Let Z be a space and 
, where e X k : P k (ΩX) → X is the natural inclusion. 
-space with respect to Z.
DW C p k -spaces with respect to spaces
In [3] , Ganea introduced the concept of cocategory of a space as follows; Let X be a any space. Define a sequence of cofibrations
→ ΣX be the standard cofibration. Assuming C k to be defined, let F k+1 be the fibre of s k and e k+1 : X → F k+1 lift e k . Define F k+1 as the reduced mapping cylinder of e k+1 , let e k+1 : X → F k+1 is the obvious inclusion map, and let B k+1 = F k+1 /e k+1 (X) and s k+1 : F k+1 → F k+1 /e k+1 (X) the quotient map. For a map p : X → A, a based map g : X → B is p-cocyclic [9] if there is a map θ : X → A∨B such that jθ ∼ (p×g)∆, where j : A∨B → A×B is the inclusion and ∆ : X → X × X is the diagonal map. The dual Gottlieb set for a map p : X → A, DG p (X, B) , is the set of all homotopy classes of p-cocyclic maps from X to B. In the case p = 1 X : X → X, we call a 1-cocyclic map is just a cocyclic map, and denoted by, DG (X, B) , which is the set of all homotopy classes of cocyclic maps from X to B.
In general,
for any map p : X → A and any space B. However, there is an example in [13] such that
Let g : X → Z be a map. A cocategory of a map is less than equal to k, cocat g ≤ k, [3] if there is a mapḡ : 
